Transients have proven to be a specially demanding operation mode for rotor cages in induction motors. The combination of thermal and mechanical stresses causes damage in weak points of the secondary circuit of these machines. A 3-D multiphysics computation may shed some light into the conditions under faults, such as broken bars developing, while taking into account phenomena as interbar currents. With the aim of reducing the computational cost involved, this paper carries out a 3-D simulation of just the rotor during the first 2.5 cycles after a direct-on-line connection, with the tangential component of the magnetic vector potential mapped on its iron surface from the results obtained by the 2-D locked rotor finite-element simulation. The results provide an insight into the skin effect and mechanical loads in the cage, a magnetic coupling between the end ring and the shaft, as well as the limitations of the weakly coupled magnetoelastic analysis.
I. INTRODUCTION
T RANSIENTS in induction motors have proven especially damaging for the rotor cage [1] . Frequent startups or stall periods of large units cause heavy thermal and mechanical stresses that, in addition to structural or manufacturing weak spots, develop into breakages of this secondary circuit [2] .
Fatigue tests [3] and analytical calculations [4] have been the traditional methods for studying the development of this fault, since the complexity of a finite-element electromagnetic, thermal, and mechanical computation was too big to be carried out. In [3] , the finite-element method (FEM) was used to obtain the speed and, hence, the inertial forces during the acceleration of an induction's motor rotor in a startup transient. Separately, the effects of such forces were imposed on a mesh simulating a rotor bar joint to the end ring. Since no thermal effects were considered, the simulation did not correspond to experimental data. Another approach is considered in [4] where analytical expressions are used to model the skin effect in the rotor bar during stall conditions, as well as its thermal and mechanical (thermal expansion) consequences.
However, if the results are to have an impact on design and fault evolution modeling (prognosis), more detailed computations are needed. 3-D FE simulations are mandatory if phenomena as interbar currents are taken into account. Thus, this paper presents the 3-D electromagnetic and mechanical computation of a cage rotor during the first instants after a direct-on-line connection. In order to reduce the computational needs, a value of the magnetic vector potential is imposed on the rotor iron surface, thus not simulating the stator. Furthermore, weak coupling between the electromagnetic and mechanical solvers is established whereas, due to the short period simulated, temperature rise is not significant according to preliminary studies based on analytical models [5] and, therefore, no thermal computation is carried out. II. APPROACH FOLLOWED The formulations used for the electromagnetic and the magnetic forces analysis are presented here.
A. Electromagnetic Analysis
Several formulations for 3-D electromagnetic modeling are summarized in [6] . In this paper, the AV-A formulation is used for the 3-D simulation with open-source FEM software ELMER which is also applied in [7] and [8] . The formulation can be derived by means of a magnetic vector potential A (B = ∇× A) and an electric scalar potential V
Here, the magnetic vector potential A has three components ( A x , A y , A z ). Equation (2) is derived from the Ampere's law and Faraday law (1), whereas (3) is a representation of the divergence-free nature of currents. However, the complete 3-D model of the machine has proven to be computationally very expensive as attempted in [9] .
In order to avoid performing a complete 3-D machine simulation but keeping the 3-D analysis for rotor calculations, 2-D coupled 3-D formulations have been attempted, yielding a considerable computational decrease, as illustrated in [10] . Furthermore, the use of 2-D coupled 3-D simulation for the electromagnetic and structural dynamics analysis of the electrical machine is performed in [11] . Clearly, 2-D coupled 3-D FEM analysis is becoming popular, especially in simulating complex 3-D phenomena. Specifically, using this coupling, rotor eddy current losses in induction machine laminations are calculated in [12] . Following that, the method used in this paper presents weak coupling between 2-D and 3-D field simulation, that is, the corresponding 2-D simulation is not affected by the computed 3-D solution.
The field distribution within the rotor can be obtained by setting the normal components of the flux and current densities on its boundaries [6] . The normal component of B can be defined by imposing the tangential component of A on those 0018-9464 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. same boundaries, as explained in [12] . Thus, in this paper, the coupling between the 2-D field solution and the 3-D mesh is carried out by specifying the tangential component of A on the iron's surface, which is interpolated from the 2-D magnetic vector potential solution. That is, the A z component obtained by a locked rotor 2-D FE simulation for the same time steps is mapped on the surface of the rotor following the skew of the bars. Magnetic and electric insulation is imposed on the external boundaries of the air surrounding the end rings' regions. The concepts are illustrated in Fig. 1 .
B. Nodal Forces
For the mechanical computation, the nodal forces are according to the virtual work principle obtained following the procedure used in [13] . No magnetostriction is taken into account. The magnetic force is calculated, differentiating the magnetic energy with respect to a virtual displacement f s that depends on a real parameter s such as lim
where a change of variables and the Piola transformation for the magnetic flux density have been applied. J s is the Jacobian of f s . For f s = x + suN(x), where u is the unit vector and N(x) a nodal shape function, (4) yields
These nodal forces are applied in the linear elastic module as body forces and the dynamical equation for elastic deformation of solids solved.
As boundary conditions, the displacement at both ends of the rotor is limited by setting spring boundary conditions on the shaft's cross-sections.
III. SIMULATION For comparison purposes, two simulations for the first 2.5 cycles of the connection transient in fixed 1e-4 s time steps have been carried out using the rotor featuring closed slots studied in [5] , whose dimensions are presented in Table I . In the first one, one of the bars was narrowed in its connection to the end ring by reproducing on the mesh the material removed by two drills, creating a hot spot, as shown in Fig. 2 . The second one involved a fully symmetrical rotor (the drills were filled, in this case with aluminum instead of air for the simulation). The full mesh comprised 121 738 nodes and the simulations of the transient for 50 ms took 17 days in a PC.
The characteristics of the materials (aluminum, silicon steel) utilized in the simulation are summarized in Table II , where σ stands for electrical conductivity, E for the young modulus, υ for Poisson ratio, Al for the aluminum cage, and Fe for all of the steel bodies in the rotor, either iron or shaft.
Due to time constraints, in this paper, both solvers were weakly coupled; therefore, there is no influence of the elastic field on the magnetic-field calculation. Fig. 3 shows the tangential component of the magnetic vector potential applied to the rotor iron at two time steps: 25 and 50 ms (final time step). Fig. 4 shows a cutaway view of the rotor featuring the hot spot 45 ms after connection. The highest values of the flux magnetic density are observed next to the iron surfaces and especially on top of the bars, as it corresponds to a locked rotor condition. Furthermore, magnetic coupling between the end ring and interbar currents and the shaft, just 5.25 mm apart in this small motor, is also appreciated. The integration of the magnetic energy in the shaft's end opposite to the hot spot yields an inductance value of 3.5·10 −11 H, three orders of magnitude below the value utilized in the 2-D FE simulation for the end-ring inductance.
IV. RESULTS

A. Electromagnetic Results
The current density in the cage and shaft, showing the skin effect, is presented in Fig. 5 . The distribution is the expected one for the geometry of the conductors and the excitation frequency involved.
Finally, the current density in the radial direction at the middle of the hot spot is depicted in Fig. 6 , showing a higher heating rate on the top and the bottom of the saddle compared to the average, at some time steps almost three times greater. The current in the axial direction for the bar facing the saddle suffers a reduction of up to 3% (Fig. 7) . It can also be appreciated that there is some distortion on both ends of the diagram due to the reduction of the end rings' section. Since no aluminum is present at the top of the bars' ends, a sizable amount of current crosses through the iron in these areas for this relatively high frequency and low-iron resistance.
B. Mechanical Effects
The results obtained from the weakly coupled linear elastic solver are presented in this section.
Electromagnetic-induced stresses do not represent a sizable mechanical load in the cage compared to thermal-induced ones [5] , as shown in Fig. 8 , where the main body forces are observed in the iron yoke and shaft, especially in its supporting ends, with values up to 300 MPa. The end ring slightly increases its stress level for the hot-spot case (Fig. 9) , with the ones remaining around the saddle area similar in both states. The overall maximum values are obtained in the iron-aluminum interface, caused mainly by high tensile forces acting in the axial direction.
Finally, Fig. 10 depicts the variation of the average axial stress (z direction) on the end surfaces of the shaft for both the symmetrical rotor (dashed line) and the one featuring the hot spot in one of its end rings (solid line). The curves between both states begin to slightly differ after 35 ms around some local extrema. An offset of 3.94·10 5 Pa for the hot spot's end and 1.14·10 5 Pa for the opposite is observed for both cases. Also, a main component at the field frequency of 50 Hz is clearly detected, rapidly blurred by high frequency ones at around 500 and 1420 Hz.
V. CONCLUSION
During the first instants after a direct-on-line connection, the skin effect can cause substantial differential heating on imperfections in the rotor cage of an induction motor; however, electromagnetic-induced mechanical loads remain low. Under these conditions and for a small machine, magnetic coupling Stress at both end sections of the rotor for the hot spot case (solid line) and symmetrical one (dashed line). The arrows point out some small differences around the local extrema.
between the end ring and interbar currents and the shaft is observed. The comparison of these results, obtained by means of a weakly coupled magneto-elastic model, with a healthy rotor simulation shows minor differences in the forces acting at both shaft ends
